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Super-Exponential Methods for Blind Detection of Asynchronous
CDMA Signals Over Multipath Channels

Tongtong Li, Member, IEEE and Jitendra K. Tugnait, Member, IEEE

Abstract—In this letter, code-constrained super-exponen-
tial algorithms (CSEA) are presented for blind detection of
asynchronous short-code direct-sequence code-division mul-
tiple-access signals over multipath channels. Constrained SEA
leads to the extraction of the desired user whereas unconstrained
SEA leads to the extraction of any one of the actives users. The
results are further improved by following the constrained SEA
by unconstrained SEA. Convergence of the constrained SEA is
proved and simulation examples are provided to illustrate the
proposed approaches.

Index Terms—Blind deconvolution, direct-sequence code-divi-
sion multiple-access (DS-CDMA), multiuser detection.

I. INTRODUCTION

SUPER-EXPONENTIAL algorithm (SEA) is a class of
iterative algorithms for solving the blind deconvolution

problem. It was initially proposed in [12] to achieve a fast
(exponential rate) convergence compared to cumulant maxi-
mization or constant modulus algorithm (CMA). In [6] (see
also [8]), it was shown that SEA is equivalent to a gradient
search algorithm for cumulant maximization with an optimal
time-varying step-size choice, which ensures the fast conver-
gence of SEA. In [4], SEA was extended to multiple-input
multiple-output (MIMO) model for multichannel blind identi-
fication, in which it is possible to recover the input signals only
up to a scaled, possibly shifted version and a permutation of
their order. If one user is to be extracted at a time, then there is
no control over which user the system will converge to.

In this letter, a code-constrained SEA is investigated for
blind detection of asynchronous short-code direct-sequence
code-division multiple-access (DS-CDMA) signals over mul-
tipath channels. Only the spreading code of the desired user is
assumed to be known; its transmission delay may be unknown.
It is shown that the constrained SEA is a special “undermod-
eled” SEA which, in turn, is equivalent to a gradient search
algorithm. The convergence of the constrained SEA is then a
direct consequence.

The results obtained from the constrained SEA are further
improved by following the constrained SEA by unconstrained
SEA. As will be shown later, while constrained SEA leads to
extraction of the desired user, its performance is degraded by
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the introduction of the projection operator. On the other hand,
unconstrained SEA offers good performance but has no control
over which user to extract. Therefore, we choose to initialize the
unconstrained SEA with the equalizer obtained from the con-
strained SEA, so that the system will converge to the desired
response—which is the ideal system response with respect to
the desired user.

Notation: Superscripts # and denote the complex
conjugate, pseudoinverse, complex conjugate transpose and the
transpose operations, respectively. is the Kronecker delta
and is the identity matrix.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

Consider an asynchronous short-code DS-CDMA system
with users and chips per symbol with the th user’s
spreading code denoted by .
The total received signal at chip-rate is the superposition of
contributions of all users observed in additive white Gaussian
noise as,

(1)

(2)

where is the th user’s th symbol, is the effective
channel impulse response (IR) sampled at the chip interval
and is the transmission delay (mod ) of user in
chip periods.

We make the following assumptions throughout this letter.

) . That is, the processing gain (number of chips
per symbol) is greater than or equal to the number of
users.

) The information sequences are zero mean,
mutually independent, temporally i.i.d. and drawn
from a finite alphabet (the same alphabet ), typi-
cally either binary or 4-QAM .
Take .

) The noise is zero-mean Gaussian with
.

Collect measurements of into -vector
to obtain, at the symbol rate, the

MIMO model ( is defined in a manner similar to ):

(3)
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where is the length of the th user’s vector IR. depends
upon the multipath delay spread and the transmission delay .
In asynchronous CDMA systems, (transmission delay mod

) is unknown. In (3)

(4)

Therefore, if , then has its first components as
zero since is causal.

Using (1), (2), and (4), it follows that for any

(5)

where

. . .
...

. . .
. . .

...
. . .

. . .

. . .
...

...
. . .

. . .
...

...
...

...

(6)

(7)

where is -vector, is
is -vector, is an integer, and we

assume that for (in addition to
for ), i.e., the multipath delays can be of maximum
symbol periods ( chips). Note that not all elements in
are nonzero. Given this formulation (i.e., and

for and ), it follows that for
. Let , then according

to our assumption and formulation.

B. Matrix Representation of the Combined Channel-Equalizer
System

Consider an inverse filter (vector equalizer)
of length symbols ( chips) operating on the data
to yield

(8)

where is . Noting that for and ,
it follows from (3) that

(9)

where . Let .
Define the -column vectors

...
...

(10)
...

...

(11)

It follows from (9) that

(12)

where

(13)

(14)

By the definition of , we have

(15)

where

...
...

. . .
...

...
...

. . .
...

(16)

is an block-Toeplitz matrix.
Assuming that user 1 is the desired user, we wish to design

equalizer such that

(17)

where is an row vector
with 1 in the -st column, is a complex scaling factor, and

is the equalizer delay. That is, the desired combined channel-
equalizer response corresponds to the extraction of user 1 with
delay , leading to .

III. CODE-CONSTRAINED SUPER-EXPONENTIAL APPROACH

A. Unconstrained Super-Exponential Approach

Consider the iterations [12]( and
)

(18)

(19)
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where denotes as in (10) with replaced with ,
and . As long as the “leading” (maximum
magnitude) tap of the initial value of is unique, as one iterates
between (18) and (19), converges at a “super-exponential”
rate to the combined channel-equalizer response

zeros th block

(20)

for some and where and . For
simplicity, we choose and throughout this paper.
As is not available, one needs to devise an algorithm in terms
of the equalizer and data.

Define an -column vector
whose th component is (recall that and )

(21)

We seek for to minimize . This is a linear least
square problem whose solution is

# (22)

The normalization operation (19) can be carried out as

(23)

Projecting the -domain (equalizer domain) algorithm back to
-domain (combined channel-equalizer domain) based on (15),

we obtain

# (24)

(25)

Define an -column vector as [12]

(26)

where is the noise-free
channel output. Under assumption , it follows that the cor-
relation matrix of the noise-free channel output

(27)

Consider the noise-free equalizer output

(28)

and define

cum
cum

(29)

where cum cum
. It then follows that .

Therefore, (22) and (23) can be realized as

# (30)

(31)

In the presence of the additive noise, our measurement vector is
, instead of . Defining

(32)

it follows that where is the
noise vector defined in the same manner as

and . Define

(33)

Using the fact that all cumulants of order greater than two are
zero for Gaussian random variables, we obtain the SEA in the
presence of noise as

# (34)

(35)

In the limit of iterations, the equalizer obtained from the super-
exponential algorithm blindly converges to a solution which is
approximately the nonblind Wiener filter [7], [16] which ex-
tracts user with delay for some . The
problem is that there is no control over which user the system
will converge to. In the following, we will first formulate the
constraint based on the knowledge of the desired user’s code
sequence, and then develop a code-constrained super-exponen-
tial approach.

B. Code-Constrained Super-Exponential Approach (CSEA)

From Section II, it can be seen that to extract the desired user
(assumed to be user 1) with equalization delay , the inverse
filter equalizer should satisfy

(36)

Multiplying both sides by , we get

(37)

It then follows from (27) that

(38)

Define

matrix (39)
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where is given by (6) and define a matrix
as

...
. . .

...
...

... (40)

Following the development in [14], let the columns of
denote an orthonormal basis for the orthogonal complement of

, we obtain that the desired solution should satisfy

(41)

where is .
Carry out a singular value decomposition (SVD) of and

suppose that its effective rank is , then

(42)

where is the diagonal matrix containing the effectively
nonzero singular values of , and contains the insignificant
(or effectively zero) singular values of .

We now choose to minimize subject to
. By [1, Theorem 3.6.3, p. 67], the minimum-norm solution to

this problem is given by

# (43)

where

(44)

Note that # # [1](p. 67) (which verifies
). Moreover, for any # # . Using this ex-

pression for , we obtain the counterpart to (30)–(31) as

# (45)

(46)

In this noise-free case, by (46), we have

(47)

so that has unit norm. The counterparts to (34)–(35) are
given by

# (48)

(49)

The CSEA can be summarized as follows. Let denote the
projection matrix onto the null space of . Then

we have

(50)

1) Constrained Solution:

0) Let denote the initial guess which is obtained as
follows. Let denote a fixed integer in . Set

for and set all elements of to ones;
denote the corresponding vector [see (13)] by . Set

(51)

Let denote the equalized output as in (8) when
the equalizer is given by . Define

cum
(52)

Then, we set

(53)

The projection ensures that the initial guess belongs
to the null space of . The search procedure selects a
“good” starting point. (Note that cum for
any choice of the equalizer.) Execute steps (I)–(II) [or
(I)–(III)] for .

I) Let denote the equalizer output as in (8) when the
equalizer is given by . Calculate

cum
cum

(54)

Carry out the two-step iterative procedure as

# (55)

(56)

By design, and satisfy (41).
II) If (where is a

“small” positive number and denotes the th com-
ponent of vector ), we take this as an indication that
the algorithm has converged and quit the iterative code-
constrained optimization procedure. Otherwise, go to
(I).

2) Unconstrained Enhancement:

III) Next, the equalizer obtained from the code-constrained
optimization is used as the initialization for uncon-
strained optimization, and we continue iterative opti-
mization until convergence. The procedure for uncon-
strained optimization is the same as for the code-con-
strained optimization except that the projection is
omitted from (55).
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We note that step (0) mimics the corresponding step (0) in [14],
[13] and also [10].

C. Convergence and Identifiability Aspects

Recall that in the unconstrained case, the combined channel-
equalizer response [see (15)] is

(57)

It can be seen that the subspace of attainable combined re-
sponse is just the range space of , which we denote by .
The orthogonal projection operator onto is given by

# (58)

Following the definition in [6], if , then it is called the
sufficient order case. Otherwise, it is called undermodeled case,
in which is not of full rank.

In the constrained SEA, since # #, it follows
from (43)–(46) that

(59)

Denote the subspace of attainable combined response in the con-
strained case by . A natural explanation of this algorithm is
that to extract the desired user, we need to further narrow down
the attainable combined response subspace compared to that of
the unconstrained case.

Obviously, is not of full rank and the orthogonal projec-
tion operator onto the attainable combined response subspace

is given by

# (60)

The CSEA can be expressed in the combined response domain
as [compare with (24) and (25)]

(61)

(62)

Following [6], define the cost function

(63)

Proposition III.1: The constrained super-exponential algo-
rithm in (61)–(62) is equivalent to the gradient search algorithm
defined by

(64)

(65)

where we seek to maximize the cost subject to
.

(The gradient operator is a “formal” gradient of
w.r.t. evaluated at ; it is defined as in [3,

Appendix B].) The proof of Proposition III.1 is a straightfor-
ward generalization of the result in [6] from real to complex
case; the details are omitted. The convergence of the CSEA to a

stationary point of then follows from Proposition III.1
along the lines of [6, Proposition 2] as long as one notices that

(66)

for any complex and . Please refer to [6] and [8] for more
details. Finally, as pointed in [6], SEA is optimal for the conver-
gence speed, which also applies to the code-constrained SEA.
Proposition III.1 implies that the proposed code-constrained
SEA may also be viewed as a gradient search for constrained
maximization of , with a variable step size for optimal
convergence speed.

Remark III.1: The gradient search algorithm in Proposition
III.1 searches for a maximum of restricted in . For
unconstrained case, the restriction is in a larger subspace .
The fact explains why the enhanced code-constrained
SEA (CSEA followed by unconstrained SEA) delivers better
results than CSEA alone for the simulation examples of Section
IV.

Remark III.2 Noise Effects: Note that should satisfy (38)
in the absence of noise; in noise, is approxi-
mately the linear minimum mean square error (MMSE) solution
designed to extract user 1 with delay . This observation cou-
pled with the results of [11](also [9] and [16]) suggests that in
the presence of noise, constrained SEA solution will be close
to a linear MMSE solution; a rigorous justification on the upper
bound of the difference of the two MSEs is under study.

Remark III.3: The identifiability conditions of code con-
strained SEA is the same as that of the code-constrained CMA
algorithm, please refer to [13]. Comparing with the identifia-
bility conditions of the subspace methods [2], [15], it can be
seen that SEA is applicable to a larger class of channels.

IV. SIMULATION RESULTS

In this section, we consider several simulation examples to il-
lustrate the proposed approach. Normalized equalization mean-
square error [(NEMSE) normalized by the desired user’s infor-
mation sequence power] and bit-error rate (BER) after equal-
ization were taken as the two performance measures after av-
eraging over 100 Monte Carlo runs. The signal-to-noise ratio
(SNR) refers to symbol SNR of the desired user. In the equal-
power case [0-dB multiuser interfaces (MUIs)], all users have
the same power incident at the receiver, i.e., is
the same . In the near-far case (10-dB MUIs), the desired
user power (i.e., ) is 10 dB below that of other
users. The equalizer was designed based on a record length of T
( , respectively) symbols and it is then applied to
an independent record of 3000 symbols for calculating the nor-
malized MSE and BER.

Example 1: Eight Chips/Symbol, Three Users, No Dominant
Paths: We consider the case of three users, each transmitting
4-QAM signals, and short-codes with eight chips per symbol.
The spreading codes were chosen to be randomly generated
binary codes of length 8. The multipath channels for each user
have four paths with transmission delays uniformly distributed
over one symbol, and the remaining three multipaths having
delays (w.r.t. the first arrival) uniformly distributed over one
symbol . The multipath amplitudes were mutually
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Fig. 1. Example 1. Normalized equalization MSE for User 1: eight chips, three users, 4-QAM signals, 100 Monte Carlo runs, all random channels with no
dominant path, record length = 256 symbols. (a) SEA versus subspace methods [2], [15]. (b) SEA versus CMA [13] and CUM [14].

Fig. 2. Example 2. Normalized equalization MSE for User 1: 12 chips, variable number of users, 4-QAM signals, SNR = 15 dB, 100 Monte Carlo runs, all
random channels with no dominant path. (a) Record length = 256 symbols. (b) Record length = 1024 symbols.

independent, complex Gaussian with zero mean and unit vari-
ance. There were no dominant paths (specular components).
The channels were randomly generated for each of 100 Monte
Carlo runs. Complex white zero-mean Gaussian noise was
added to the received signal from the three users. The term
CSEA-1 refers to code-constrained SEA (steps 0-II) and the
term CSEA-2 refers to code-constrained SEA followed by
unconstrained SEA (steps 0–III).

From the simulation results shown in Fig. 1, it can be seen
that the performance of CSEA is significantly better than that
of [2], [15], and is comparable with that of code-constrained
CMA (CCMA) [13] and code-constrained fourth cumulant
maximization (CCUM) [14]. Meanwhile, code-constrained
optimization plus unconstrained optimization delivers much
better results than code-constrained optimization procedure
alone. It should be noted that SEA converges much faster then

CMA and CUM. It should also be mentioned here that using
Gold sequences as spreading codes results in slightly better
performance compared to that of random codes.

Example 2: 12 Chips/Symbol, Variable Number of Users, No
Dominant Paths: In this example, we fixed the desired user’s
SNR at 15 dB and varied the number of active users with pro-
cessing gain equal to 12. The channels for each user were ran-
domly generated for each run as in Example 1 except that the
processing gain is different. We assumed that the number of ac-
tive users was unknown to both approaches. From the simulation
results shown in Fig. 2, it can be seen that the proposed approach
yields better results than the method of [15]. Meanwhile, perfor-
mance of the proposed algorithm can be improved significantly
by using longer data record, and can be further improved when
the successive cancellation proposed in [5] is combined with the
CSEA. Please refer to [5] for more details.
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V. CONCLUSION

A CSEA was presented for blind detection of asynchronous
short-code DS-CDMA signals over multipath channels. It was
shown that the constrained SEA is equivalent to a gradient
search algorithm which seeks to maximize a cumulant cost
function. Meanwhile, the proposed approaches, when they
achieve global convergence, yield a solution close to a linear
MMSE solution.
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